Abstract. Randall-Sundrum single brane system (RS II) is investigated systematically, with an emphasis of the effective equation of motion on the brane, by using a low energy expansion method (gradient expansion method) in the bulk. Through the junction condition, we deduce in the zero th order fine tuning for RS model. The modified Einstein equation, as well as Friedmann equation with dark energy radiation on the brane is derived from the first order expansion. We also clarify the emergence of the AdS/CFT correspondence for the case of the higher order expansion in a low energy iteration scheme.
Introduction
One of the long standing problem in particle physics and gravitational theories is how to understand quantum theory of gravity. Nowadays, the only possible candidate for this theory is the superstring theory [1] . Interestingly, this theory predicts the existence of the extra dimensions. In order to reconcile this prediction with our observed four dimensional universe, we need a mechanism to compactify the extra dimensions. In particular the setup of heterotic M-theory and its compactification down to five dimensions [2] leads to a well motivated five dimensional brane world scenario, which can be used to study its consequences in particle physics and cosmology [3] .
Randall and Sundrum (RS) proposed two similar but distinct phenomenological brane world scenarios [4, 5] . The first scenario is composed of two branes of the opposite tension, so called RS I. This scenario is the five dimensional spacetime which all matter fields are assumed to be confined on branes at fixed points of the S 1 /Z 2 so that the bulk is described by pure Einstein gravity with a negative cosmological constant. On the other hand, the second scenario has a single brane with a positive tension, so called RS II. The fifth dimension is infinite but still Z 2 symmetry is imposed. In both scenarios the existence of the branes and the bulk cosmological constant makes the bulk geometry curved, or warped.
Furthermore, the brane world models are expected to shed some light onto not only quantum gravity and unification issues, but also cosmological issues such as the cosmological constant or dark energy problem, or even particle physics ones such as the hierarchy problem. There is also a brane world alternative to the standard big bang plus inflation scenario [6, 7] . This scenario consist of a five dimensional bulk bounded by two branes, which are as usual located at the fixed point of the S 1 /Z 2 orbifold. Although many brane world models might be over simplified, they should help in learning and understanding the properties of an effective theory derived from some action in space-time dimensions d > 4 [8] .
There are two approaches to obtain the effective Einstein equations on the brane in the context of Randall-Sundrum scenarios, namely covariant curvature formulation and gradient expansion method. In the covariant formulation [9] , the effective Einstein equation can be obtained by projecting the covariant five dimensional Einstein equations onto brane. The resulting projected equations are modified with respect to general relativity due to the presence of a local quadratic term in the sources and to the presence of a non-local term which is the projection of the five dimensional Weyl tensors. This last term carries information of the bulk gravitational field on the brane and its contribution is of fundamental importance as it might be relevant even at low energy [10, 11] .
The main difficulty in understanding the contribution of the projected Weyl tensor to the effective theory on the brane is in its non-local character. The equation for the projected Weyl tensor on the brane are not closed so that solving the full five dimensional equation of motion is necessary.
On the other hand, gradient expansion method gives a way out of this problem [12] . The main idea is to treat the issue perturbatively, defining a low energy regime in which the energy density on the brane is kept small with respect to bulk vacuum energy density. The perturbation parameter is defined as the ratio between these two energy densities. The five dimensional equations of motion can be solved at different orders in the perturbation parameter. This method allows in principle to derive the effective equations of motion on the brane at each order.
In this paper, we investigate more systematic the effective equations of motion on the brane in the context of RS II by using gradient expansion method in the bulk. By performing a perturbative expansion of the metric, an expansion of the extrinsic curvature tensor and Weyl tensor are considered. The four basic equations for the five dimensional evolution equations and junction conditions are then solved at different order in the expansion parameter. The parameter of expansion is determined as in the Anti de Sitter (AdS) scenario. There is a constant scale, namely the AdS curvature scale, to which quantities can be compared.
The paper is organized as follows. In section 2, we review a covariant curvature formulation to obtain the effective Einstein equation on the brane. In section 3, we give the basic formulation of the gradient expansion method by solving five dimensional equations of motion and imposing the Dirichlet boundary condition at the brane position. In section 4 we derive the effective equations of motion on the brane. We conclude our result in section 5.
2
The Covariant Curvature Tensor Approach
In this section we show how to recover the effective Einstein equations on a four dimensional hypersurface, the brane, which is embedded in a five dimensional space-time, the bulk [9] .
The Einstein Equation on the Brane
The 
where is the covariant derivative with respect to the five dimensional metric. The action of the four dimensional Riemann tensor on a 1-form is given by
,
and the right hand side can be computed from
where is the extrinsic curvature tensor defined by
When antisymmetrizing over A and B and considering that the extrinsic curvature tensor is symmetric we have
Finally, using the definition of the five dimensional Riemann tensor
we obtain 
By inserting the equations (2.9) and (2.10) into the four dimensional Einstein tensor
we can write down the Einstein tensor on the brane
Furthermore, we can always decompose the Riemann tensor in five dimensions into the Weyl tensor, the Ricci tensor and the Ricci scalar which gives [13] [ ]
Using this decomposition, the equation (2.12) and five dimensional Einstein equations
we obtain ( )
where is the five-dimensional energy-momentum tensor which in general takes into account brane and bulk contribution. We also have defined the projection of the five-dimensional Weyl tensor as
Additionally, we have the Codazzi equation, which can be obtained in a same way as for Gauss equation (2.8),
In the following we make further assumptions which allow us to interpret equation (2.15) on the brane. As an original RS scenario, we choose Z 2 symmetry across the brane.
The Junction Conditions
In order to know about the local geometry due to some matter distribution, we start with the five dimensional Einstein equations (2.14) which can be written into
where T denotes the trace of AB T . Assume that the brane has a finite thickness ε and let and denote the two boundaries of the brane
we adopt Gaussian normal coordinates y, in which the brane is located at a fixed point y = 0 on and
In the Gaussian normal coordinates, the five dimensional Ricci tensor projected onto the brane can be written as [9] (5) 
We see that on the right hand side, all tensor are by definition tangential, whereas on the left hand side, the bulk energy momentum tensor and the bulk metric have to be projected onto each brane in the integration domain. It is reasonable to expect that the second term on the right hand side is bounded between and , therefore the integral vanishes in the limit
We define an energy-momentum tensor on the brane ∑ 
.4)).
We now decompose the energy-momentum tensor T μν on the brane into a tension part λ and a matter fields part, so that 
The Gradient Expansion Method
In this section we derive the low energy expansion method (gradient expansion method) first proposed by Kanno and Soda [12] to study the Randall-Sundrum II scenario. In this method, the full five dimensional equations of motion are solved, at different orders, in the bulk by performing a perturbation expansion in the metric. The parameter of expansion is defined so that the low energy regime corresponds to a regime in which the energy density on the brane is smaller then the brane tension ( ρ λ << ).
The Parameter of Expansion
The parameter of expansion can be expressed as follows
where is the bulk curvature scale and L is the brane curvature scale. Then the extrinsic curvature is expanded as
The iteration scheme consists in writing the metric g μν as a sum of local tensors built out of the induced metric on the brane h μν , 
where is a warp factor as a function of fifth dimension, and we also impose the Dirichlet boundary condition at the brane position In order to obtain the effective equations of motion, we need first to find the equation of motion of five dimensional Einstein equations and the junction condition. The four basic equations which hold in the bulk are [12] (4) (4)
where we decompose the extrinsic curvature into the traceless part and the trace part
The junction condition is given by
Zeroth Order
At zeroth order matter is neglected, we intend vacuum brane, and going at higher orders means we are considering perturbation of the vacuum solution as matter is added to the brane. The equations to solve are , (3.9a)
Integrating equation (3.9a) and using the constrain (3.9d) we see that and using the equation (3.7) we obtain the metric at zero order,
The tensor h μν is a tensor field depending only on the brane coordinates, so called the induced metric.
On the 3-brane we have the following junction condition We see that the equation (3.15) is the fine tuning condition of the RandallSundrum II model.
First Order
At the next order solution is obtained by taking into account the terms neglected at zero order. The aim of this subsection is now to solve the four basic equations (3.6a) -(3.6d). At first order we have
6
2 0
where the superscript (1) represents the order of the derivative expansion and D μ % denotes the covariant derivative with respect to h μν . Taking into account of the metric
It is straightforward to see that
is a solution for equation (3.16b) . Integration of equation (3.16a) gives the traceless part of the extrinsic curvature in this order, namely
( ) 
where we have used the trace part of the extrinsic curvature
The Effective Equation of Motion on the Brane World Gravity 13
Second Order
At second order, we have four basic equations,
(2) (2) (4) (4) (1)
4 1
2 1
The junction condition at this order is
Substituting solution up to the first order into the Ricci tensor and picking up the second order, we obtain ( )
In this order, the solution of the tracelees part and the trace part of the extrinsic curvature are given by
where, ( )
1 1
is a transverse tensor and a traceless tensor t 
The Effective Equation of Motion on the Brane
We are now able to write the effective Einstein equation in terms of the energy momentum tensors on the brane. To do so, we use the junction condition on a 3-brane. At the first order we have 
We see that the four dimensional Einstein equations are modified with respect to general relativity in that an additional term appear namely a non-local term
Here traceless tensor t 
We observe that the above equation is nothing but a general form of a four dimensional conformal anomaly which describes the breaking of conformal invariance due to quantum effects (regularization and renormalization), defined on curved backgrounds [14] . The coefficient β is scheme-dependent constant which can be removed by adding 2 ) 4 ( R term in the effective action. Hence, this part is interpreted as the CFT in the context of the AdS/CFT correspondence. In order to obtain an explicit relation between the geometrical approach (equation 2.30) and AdS/CFT approach, we start by defining The next step is to find the evolution equations for Weyl tensor E ν μ . This term carries information of the bulk gravitational field on the brane. We get ( ) ( ) 
Conclusions
In this paper, we have investigated the effective equation of motion on the brane following the low energy expansion scheme (gradient expansion method) in the context of RS II systematically. At zero th order, as we should expect, the equation obtained are just the fine tuning condition of the RS II model between the brane tension and the bulk curvature radius. At first order, the effective equation of motion is given by equation (4.3). The resulting effective equations of motion are modified with respect to the conventional Einstein equation due to the presence of a non-local term E μν . Its contribution is fundamental importance as it might be relevant even at low energy. In this case the Friedmann equation on the brane is modified by radiation term.
The effective equations of motion at second order for the Randall-Sundrum II are claimed as an AdS/CFT correspondence described by equation (4.15) . We clarify the emergence of the AdS/CFT correspondence by calculating the Weyl tensor at this order.
We also generalize the results for a Randall-Sundrum model, extending the low energy gradient expansion scheme to a multibrane (more than two branes) model and deriving the effective equations of motion in this new scenario [15] . The extension to a multibrane scenario is interesting as string theory and Mtheory, which provide the general motivation for studying brane world models, naturally allow for multibrane scenario.
